Extraneous motion of optical elements in an interferometer lead to excess noise. Typically, fluctuations in the effective path length lead to phase noise, while beam-pointing leads to apparent amplitude noise. For a transmissive optic moving along the optical axis, neither effect should exist. However, relativity of motion suggests that even in this case, small corrections of order v/c (v the velocity of the optic), give rise to phase and amplitude noise on the light. Here we calculate the effect of this relativistic mechanism of noise coupling, and discuss when such an effect would limit the sensitivity of optical interferometers.
I. INTRODUCTION
More than a century ago, Fizeau had observed that the velocity of light in a moving dielectric medium was reduced by a factor proportional to the velocity of the medium [1] . Although wrongly interpreted as proof of a luminiferous aether (see for example [2] ), it was soon realized that the effect was due to the relativity of motion of the medium on the phase of the light [3, 4] . Instead of being in uniform motion, if the medium were to be subjected to random motion -either of technical or fundamental origin -the resulting random velocity of light would cause a random phase shift on it. The consequence of this is that any optical interferometer with partially transmissive optical elements would be susceptible to this relativistic source of phase noise [5] .
In addition to noise on the longitudinal mode of the propagating optical field that leads to phase noise, motion of the optic can also distort the transverse (spatial) mode by relativistic aberration [4, 6] . For the optic in random motion, the aberration is also random. When interfered with a reference beam at a photodetector, the fluctuations in the transverse mode lead to fluctuations in the beam overlap, leading to apparent amplitude noise.
These two relativistic effects, taken together form a source of apparent phase and amplitude noise in optical interferometers with transmissive optics that is of fundamental origin. This work thus complements previous analysis of fundamental sources of optical noise, of thermodynamic [7] [8] [9] [10] [11] or quantum mechanical origin [12] . As we shall show, the relativistic sources of noise studied here are far from challenging the capability of today's most sensitive optical interferometer, Advanced LIGO [13] . However, the physics studied here may impact the design of future interferometers.
II. MODEL AND THEORY
Conventionally, the amplitude and phase of a light beam of interest -called the "signal" -say propagating along the z-axis, is defined via the decomposition of its electric field E s (r, t) into the form [14] (for a fixed, but arbitrary polarization),
where, φ s (z, t) = kz − ωt, is the longitudinal mode which gives the phase of the field, and u s (r) the transverse mode whose magnitude gives the amplitude. Fluctuations in the former (latter) are then said to constitute phase (amplitude) noise. This identification however fails in the case considered here where relativity of motion of a dielectric optic (with finite optical thickness) is the underlying cause of fluctuations in the longitudinal and transverse modes. The reason is that the above decomposition of the field is not Lorentz invariant, making the identification of the amplitude and phase frame-dependent. It is therefore necessary to specify the measurement that the beam is subjected to, and thence to operationally define what we mean by the amplitude and phase of the beam, in terms of the tangible output of that measurement. Here we adopt the model depicted in fig. 1 . The electric field E s of the signal beam is transmitted through a movable optical element of thickness and refractive index n (in its rest frame) -this is the element whose motion along z leads to noise on the signal. The output is mixed with a reference beam E r at a balanced beam-splitter, whose output is directed onto a photodetector -this is the measurement apparatus, which is assumed motionless (and in fact defines what we mean by the rest frame). We assume that the optic is suitably anti-reflection coated so as to ensure that a cavity is not formed across its thickness.
Fluctuations in the signal field are imprinted onto fluctuations of the photocurrent, viz.,
where α is the responsivity of the detector, A is its active area, x = (x, y) are the coordinates in the transverse plane, andĒ lo =Ē r +Ē s is the mean local oscillator field that is the sum of the mean reference and signal fields. Here the integrands are evaluated on the detector surface; we implicitly assume this throughout. We will henceforth also assume thatĒ r Ē s , allowing us to neglect fluctuations in the reference, and to setĒ lo ≈Ē r . Referring field fluctuations to fluctuations in its transverse and longitudinal modes,
where,ū r,s are the mean reference and signal transverse mode functions, andφ ≡φ r −φ s is the mean difference between their phases. Amplitude (phase) fluctuations can now be operationally defined as those that lead to photocurrent fluctuations arising when the mean reference field is in-phase (quadrature-phase) with the mean signal, i.e.φ = 0 (φ = π/2). For example, the apparent relative power fluctuation in the signal δΠ s , can be defined in terms of the photocurrent as,
where,Ī = (α/2) A (|ū r | 2 + |ū s | 2 ) dx, is the mean photocurrent. Similarly, apparent phase fluctuations may be defined as,
(5) We thus have an operational framework for partitioning photocurrent fluctuations into apparent amplitude and phase fluctuations.
In Section II A and Section II B, we calculate the fluctuations in the longitudinal and transverse mode, i.e. δφ s and δu s , due to relativistic Doppler shift and aberration respectively. Section II C expresses these results in terms of amplitude and phase fluctuations using the operational definitions given in eqs. (4) and (5).
A. Longitudinal mode fluctuations
Consider the scenario where the signal field given in eq. (1) propagates through a medium which is itself moving with velocity v. In its rest frame, denote by µ = (0, 0, , cτ ) its 4-thickness (where τ = /(c/n) is the traversal time) and by k µ = (0, 0, k, ω/c) its 4-wavevector (where ω = (c/n)k the frequency). Similarly let µ and k µ be the same quantities in the lab frame. Lorentz invariance implies that,
The 4-thickness of the medium in the two frames are related by the Lorentz transformations, µ = Λ µ ν ν , given by,
with other elements zero, and γ = (1 − u 2 ) −1/2 , u = v/c. Solving for the 4-wave-vector in the medium, we get,
These equations simply express the relativistic Doppler effect in the medium, which leads to the phase shift,
If the velocity of the medium fluctuates about a mean value of zero, with fluctuations δv small compared to c, the phase shift takes the form,
This results in an excess phase noise, quantified by the power spectral density at Fourier frequency Ω,
where we have expressed the motion of the optic as a displacement spectral density,
B. Transverse mode fluctuations
In addition to phase fluctuations that arise via fluctuations of the longitudinal mode, fluctuations of the transverse spatial mode lead to apparent amplitude and phase fluctuations as per eq. (5).
An ideal laser beam has a Gaussian transverse mode (in the paraxial approximation) [14] [15] [16] :
where, Q(z) is the complex radius of curvature, given in terms of the real radius of curvature R(z), and width parameter W (z), as Q(z)
is related to the physical beam width at waist, conventionally defined as the standard deviation of the Gaussian
the evolution of the transverse mode along the beam axis z is simply given by the relation, Q(z) = z − iW (0), from which the evolution of the radius of curvature and beam width can be derived. The prefactor ensures the normalization convention that the transverse integral of the squared electric field at the beam waist (z = 0) gives the power P s . The transverse mode is thus fully described by the single complex function, Q(z), and the optical power P s .
Relativistic aberration causes Q(z) to change as the beam traverses a moving optical element. In order to calculate this change in Q(z), we use the equivalence between the wave optics picture of the transverse mode diverging from the beam waist, and the ray optics picture of a pencil of rays emanating from the same point [17] [18] [19] . As is well known [14, 15] , this equivalence implies that the change in Q at optical interfaces is described by a conformal transformation whose elements are given by the ray transfer matrix -this is the so-called "ABCD formalism" for beam propagation.
We now use the ray optic equivalence to calculate the ABCD matrix of the moving optic. For the optic shown in fig. 1 , the ray-transfer matrix M is given by 4 factors, i.e. M = M 1 (n)M 2 ( , u)M 3 (n, u)M 4 (n). Here M 4 = diag(1, 1/n) describes the entrance interface, and M 1 = diag(1, n) describes the exit interface. The matrix M 3 describes the effect of relativistic aberration. Rays that enter the moving medium non-parallel to the optical axis undergoe relativistic aberration, i.e. an additional inclination of the ray in the lab frame; specifically, the inclination angle θ is given by
where, θ is the angle of incidence. This relation is the usual relativistic aberration equation [4] , taking into account the optical density of the medium via the velocity c/n. For small angles, in keeping with the paraxial approximation, and for the velocity of the medium small compared to c, this gives, θ ≈ θ(1 − nu). Thus,
The matrix M 2 describes the traversal of the beam in the optically dense medium; since the medium is moving, its thickness in the lab frame is given by, /γ, and so,
here, we have made an approximation to the first order in u. Putting all this together, we get the transfer matrix for the moving medium,
The transfer matrix M can now be applied to the input complex radius of curvature to determine the change in the transverse mode profile. For simplicity, we take the beam waist to coincide with the entrance face of the optic, so that the output transverse mode is characterized by,
For velocity fluctuating about zero, the transverse mode fluctuates by,
around the mean,Q( ) ≡ Q(0) + ( /n). Physically, this corresponds to fluctuations in the real radius of curvature and width of the exiting beam, implying a relative fluctuation in the transverse mode,
C. Phase and amplitude noise in an interferometric measurement
Equations (10) and (19) describe the two facets of relativistic optical noise. Using these in the operational definition of amplitude and phase described earlier, we may now derive expressions for the apparent phase and amplitude noise in an interferometric measurement of the beam.
We assume that the transverse modes of the reference and signal beams are perfectly mode-matched at the detector, and only differ in the optical power they carry, which we denote by P r and P s respectively. With this assumption, and using the expressions for the mode fluctuations (eqs. (10) and (19) ) in the expressions for the amplitude and phase fluctuations (eqs. (4) and (5)), we obtain,
where, η ≡ (2 √ P r P s /(P r + P s )) 2 ≤ 1 is the square of the contrast of the interference, and ≡ /W (0) is the thickness of the optic in units of the beam width parameter at waist. Note that these expressions assume δv c (see below for caveats).
III. DISCUSSION
In order to ascertain which of the contributions in eq. (20) is the largest, it is best to express the dimensionless optic thickness in the form, = 2π( /λ)(λ/w(0)) 2 , where w(0) = W (0)/k is the physical beam width at waist, and λ = 2π/k is the wavelength. Diffraction constrains the beam-width to w(0) λ; further, for typical optic thicknesses, ∼ (1 − 10) cm, and wavelength, λ ∼ 1 µm, we get that 1. In this regime, it is clear from eq. (20) that the contribution of the transverse mode fluctuations to the phase noise is negligible, i.e. S Φs ≈ ηS φs . Furthermore, the magnitude of phase noise is larger than that of the amplitude noise, i.e. S Φs S Πs . Relativistic phase noise, although dominating over its amplitude counterpart, is still small compared to other noise sources in even the most precise interferometers of today. Consider for example, the propagation of a beam of wavelength 1 µm through an optical element of refractive index n = 1.45, thickness d = 6 cm, and vibrationally isolated using a triple pendulum as the main beamsplitter in the Advanced LIGO detector [20] for which the residual displacement noise is, S −15 rad/ √ Hz, which is about 4 orders of magnitude smaller than the phasenoise-equivalent differential length fluctuation requirement for Advanced LIGO at these frequencies [13] .
Another area of application where relativistic phase noise may seem to be relevant is the transfer of optical frequency standards through fiber links [21] . Calculations indicate that the various thermal sources of phase noise do scale as the square of the length of the fiber [22] [23] [24] , similar to relativistic phase noise; nevertheless their absolute value at room temperature is about 6 orders of magnitude larger.
In closing, we would like to highlight a few limitations of the theoretical treatment presented here. Firstly, all expressions for the phase and amplitude noise power spectral densities rely on a linear approximation in v/c; this means that all these expressions are only valid up to Fourier frequency Ω max , defined by,
Beyond this frequency, the linear approximation in v/c breaks down. Secondly, one should also expect that for velocity fluctuations large enough, the resulting deviation from non-inertial motion due to the large acceleration becomes important. Thirdly, the notion of a rigid body is abhorrent to the principle of relativity [4, 25, 26] , thus the assumption of a rigid optic executing center-of-mass motion needs to be qualified. In particular, such an approximation is valid for frequencies below the internal (elastic) resonances of the optic. Fourthly, we have neglected the effect of chromatic dispersion in the analysis of phase noise. The effect of chromatic dispersion is to produce an additional refractive index fluctuation, δn = (∂n/∂λ)δλ ≈ (∂n/∂λ)λ(δv/c), seeded by Doppler shift of the wavelength. In the case of fused silica, for which ∂n/∂λ ≈ −(0.01 − 0.03)/µm at λ = 1 µm, chromatic dispersion thus gives a few percent excess contribution to the relativistic phase noise estimate. Finally, we point out the amusing possibility of displacement of the optic induced by the light passing through it -fundamentally, either by radiation reaction on the dielectric [27] , or by gravitational stresses induced by the light itself [28, 29] . These mechanisms may be seen as relativistic sources of back-action complementary to the transduction mechanism studied above.
IV. CONCLUSION
Here, we have considered phase and amplitude noise arising from the motion of optical elements within the context of special relativity. Conceptually, this completes the set of optical noises induced by a moving element due to fundamental sources: thermodynamic fluctuations of the center-of-mass and of microscopic modes give rise to thermo-mechanical [7] , thermo-elastic [8, 9] , or thermorefractive [8, 10] noises; quantum fluctuations of the radiation pressure can contaminate phase measurements [12] ; we now know the magnitude of noise added by effects arising due to relativity of motion. In contemporary interferometers, the magnitude of these fundamental noises follows the same order as they are written above. Indeed, quantum fluctuations of radiation pressure have only been experimentally observed in the last few years [30, 31] . The relativistic source of noise is far from the limit posed for any contemporary optical interferometer; however, ambitious future designs for interferometers targeting broadband sensitivity, even on the table-top, could be affected by these relativistic effects if extraneous motion of optics is not suppressed.
